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Joint work with T. Ikeda (in progress.)

~ Plan
e Brief review of Labesse—Langlands (endoscopy for SL»).

e Endoscopy for 2-fold covering of SL-.
— Fundamental lemma for F/Q».
— Generalization of Kohnen's plus space.
e Endoscopy for n-fold covering of SL, where n is odd.
— Endoscopy for SLo.
— Covering groups of DX and D!1.




Brief Review of Labesse—LanglandsI

F'. p-adic field

G = SLQ(F)I
~ ™
Representation : L-packet MNy(G) Irreducible rep.
Conjugacy class: Stable conjugacy class conjugacy class
N J
¢. L-parameter
4 N
G Endoscopic group H
o ... Tran§ L
invariant distribution stable distribution
Rep. ZWEH¢(G) crd () T (M)
Conj.  Xgeost A(h,g)J(g) J5t(R)
_ Y,

h: regular semisimple



e R
Elliptic endoscopic group H of G are one of the following type.

G
E' ={z € EX|Ng,p(z) =1}, E/F :quadratic extension

We regard H as an subgroup of G.

HCG
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Greg = {9 € G| g is regular semisimple}
g is regular semisimple if Cent(g,G) ~ GL1 is a torus.

Hg.reg = {h € H|h is regular semisimple in G}

- ~
We say that g,¢’ € G is ‘“stably conjugate” if there exists z &

GL-~(F') such that.
/ —1

— X T
N J J /

e R
We say that h € Hgreg IS an “image” of g € Greg if h is stably
conjugate to g in G.

{stable conjugacy class of Greg} «—— {stable conjugacy class of Hgreg }
g

We can define a transfer factor

Ag p(h,g) € C*, h € Hgreg is an image of g € Greg.




Z A(hag)‘](g7 ) N JSt(ha )
gGGreg/N

- D
We say that f € C®(G) and fH € C°(H) have “matching orbital

integrals” if

>, Bgu(h.g)J(g ) =J"(h, 1), Th€ Hgreg
g€Greg/~

Existence of transfer

For each f € C®(G) there exists fH € C°(H) such that f and fH
have matching orbital integrals.

J(g, ) = D(9) Jcent(g,c\G & ga) da
D(g): Weyl denominator

Greg/~: set of conjugacy classes in Greg
Ag p(h,g) =0 if his not an image of g
T, f7) = S J (W )



e Tranf o
{distribution on G} «—" {stable distribution on H}

)
For stable distribution S on H, we define an invariant distribution |
Tran%.S by

TrangS(f) = S(f),

~where f and fH have matching orbital integrals. )

We say that S is ‘'stable” if
S(fMy=o0, Yt ece(H),
where

C>™ (H) :{fHECgO(HNJSt(hafH) = 0, vhEHreg}



For H = SL, or E1 for unramified E/F we have a homomorphism

A H(G, K) — H(H, K™

H(G, K): Hecke algebra
K = SL>(oF)
KH = H(OF)
op:. ring of integer of F..

Fundamental lemma
For any f € H(G, K), functions f and A(f) have matching orbital

integrals.




~ Packet and endoscopy N

iMNy(G) =1,2,4
Endoscopic groups for ﬂ¢(G) are

(

G, 1M, (G) =1
{G, one of B}, #MNu(G) =2
G,Ef,Ey EL, N4 (G) =3

Case H =G

Yoo J(m) = Tran$ (stable distribution)
7TE|_|¢(G)

kis stable.

J(m): distribution character of .



~ Packet and endoscopy ~

If #N4(G) = 2, then there exists a character  of H = E! such
that

J(m1) — J(mo) = Tran%J (=)

If 4N, (G) = 4, then there exists a character 7riH of EZ.1 (1=1,2,3)
such that

J(r1) + J(73) — J(w3) — J(7w4) = Trang%w{{
J(m1) = J(m2) + J(73) — J(ma) = Trangxd
J(m1) = J(m2) = J(m3) + J(ma) = Trangyms!

if you number m1,...,m4 properly.
N Y,
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Correspondence between stable conjugacy of G and H

Existence of transfer

Fundamental lemma

Y

Lift from representation of H to G

Description of the packets

(We use twisted endoscopy and twisted trace formula of GL>(F")
to get the results.)
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n-fold covering group of G = SLQ(F)I

F'. p-adic field.

orp: ring of integers of F.
pr: prime ideal in op.

tn: n-th roots of 1 in F*.

~ Assumption
We assume

ﬁ:un — n,

ki.e., all n-th roots of 1 are contained in F*~.

[We can define n-th power norm residue symbol.




~ Definition
n-fold covering group G

l — up — G > (7 > 1
is defined by

[91,C1]llg2, C2] = [9192, C1¢2c(g1,92)],
91,92 € G, (1,(2 € pun

where c is Kubota's 2-cocycle:

0(91792) — < X(Ql) X(QQ) >

x(g192)  x(9192)

a b c, c¢c#=0
X p—
c d d, ¢=0

(, Yn: n-th power norm residue symbol
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~ ~ ™
Let C2°(G) be the space of locally constant compactly supported

function f on G such that

F@G- 1L, =¢c1f@), "g€q, ¢E

K(Anti—genuine function.)

For subset A in G, we denote by A the inverse image of A in G. For
example,

Greg = {[9,¢]| g € Greg, ¢ € pin}

—_— N —

SLo(op) = {[k,(l| k € SLo(oF), ¢ € pn}

If (n,p) =1 then we have a splitting

—_— N —

S . SLQ(OF) — SLQ(OF)
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~ Definition
For § € Greg, We say that g is “relevant” if

— —

for any x € Cent(g,G). We put

Grel = {G € G| g is relevant.}

-

— —

If g is not relevant then 7z € Cent(g,G) s.t.

7 gz =g[1,¢], ¢ #1.

Hence

J(g,f) =0.

~ N =1 ~
J(g,f) = D(g) Cent(gc;)\éf( gx) dx
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n/2, n:even
nog =
n, n . odd

g=|g,C] € G/Fgg is relevant if and only if there exists h € Greg S.t.

g = h"0 or — Rp"0

~ Elliptic endoscopic group of G

n . even PGLo, PGLo
n: odd SLo, E' (E/F: quadratic ext.)

e J. P. Schultz: n=2
e A. Trehan: SLy (n|N)
e Wen—Wei Li: 2-fold covering group of Sp(2N)
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n =2

/We put
HT = H = PGLy(F)
We define 7,7~ : PGLy(F) — SLo(F) by

GL>(F)>h SL>(F) > det(h)1hn2

| -
Ht = PGL>(F)

GL>(F)3>h SL>(F) 5 —det(h)~1h2

i /

H~ = PGL»(F)
We say that h € HE(F) is an image of [g,¢] € G if

T:l:(h) ~st g-

~gt. Stably conjugate.

17




~ Definition ~
If h € HT(F) is an image of [¢,¢] € G then we define a transfer

factor A;L' by

ay (1)

deth -1
a¢(deth)C( 279)

A (h1g,¢]) =¢

If h € H(F) is an image of [g,(] € G then we define a transfer

factor A; by

3 Aq\;(ha [97C]) :Oéw(l)QC(—].Q,g)A;L_(h, [_171][97C]) )

Y. non-trivial additive character of F

Yy (x): Weil constant

| ov@?) dt = ay(@)el V2 [ dOw(—2/4a)dt, ¢ e S()
where
B() = [ o) (tu) duy
is the Fourier transform of ¢ and du,, is the self-dual Haar measure.
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T heorem
[“Existence of transfer’ holds.

Theorem
[pr is odd then “Fundamental Lemma” holds.

~ Theorem (Schultz)

Let m be an irreducible admissible representation of PGL»(F).
Then there are two admissible representations #+ and #~ of é,
which are either irreducible or zero, such that

TranZ+(J(7r)) = JGEN) +JGED)
TranG_(J(m)) = JET) — J(77)

~

%+,7Nr_ are described by theta correspondence and e-factor.
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Fundamental lemma for F/QQI

Y. non-trivial additive character of F

cyp: Maximum integer ¢ such that ¥(p%) =1
C = pclb

wy,: VVell representation acting on S(F)

(01, 92) = [pP1(x)Pp2(x) dx, 1,92 € S(F)

Haar meausure on F' is normalized so that Vol(op) = 1.

-
For ideals a,b such that ab C op we put

Ma, b] = {("[f ;;)} NG

We put
r=r[c ! 4

20



s . D
We define a (anti-) genuine character e : ' — C* by

wy(9)do = €(g) 1o,

kvvhere oo € S(F') is the characteristic function of op.

e N

— —

The Hecke algebra H = H(SLo(F),[;€) is the space of (anti-)
genuine function ¢ € C°(G) such that

~ A~~~

P(71972) = €(71)e(32)@(3), F1,72 € T.

- — ~
We define an idempotent e € H by

— —

K5y = | 12IF (Po.wp(@d0), G T Ld]
0, otherwise
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{ ’FZBK :eK*']/-\(/* eK %H:H(PGLQ(F),PGLQ(OF))

Fundamental lemmma
[“Fundamental lemma’’ holds for HT and H—.

-
We put

EE(@) = & (w5 tgwo),

[le 3

where

[For general F/Qp, we define e and EX similarly.
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Kohnen plus spacel

F=Q
h = {z € C|Imz > O}

KS,H_(l/z)(l‘o(ét)): space of cusp forms )
JFT A2 (y,2) = (j1/2(7,2))25TL, y e To(4), z€ b
0(7(2)) = j1/2(v,2)0(2)
0(z) = > ,e7 exp(27v/—1222)
N b
~ Definition (Kohnen plus space) N

S,i+(1/2)(l‘0(4)) is the space of h € S,i+(1/2)(l‘0(4)) with Fourier
expansion of the form

h(z) = > c(N) exp(27vV/—1Nz)

(—1)*N=0,1 mod 4

Kohnen
{As a Hecke module S:‘+(1/2)(F0(4)) is isomorphic to SQ%(SLQ(Z)).J
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Generalization of Kohnen plus spacel

F: totally real number field of degree [ over Q
A: ring of adele of F
op: integer ring of F
0. different for F/Q

~
For

k= (K1,...,K]) GZZZO
we fix a unit n € og such that

[

N o(n) = .1:[1(—1)’”-

Let ¢ be the additive character of A/F such that

Vo(z) = exp(2nyv/—1nwz), ‘v : real.
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KWe put )
Ef = [ EF
V<00
N J
4 N
- K
AR oy (SLo(FI\SLa(A))”
= {¢ € AP, 5 (SLa(FI\SLo(A))| p(BX)g = ¢},

\where p is the right regular representation of Sm). )
~ Theorem N

Assume k; > 1 for some 1 =1,...,[, then

K 1:1

A2 (SL2(BNSLa(A) 7 <5 AT (PGL(F)\PGLa(4)/Ko)

Ko =Ily<o PGL2<OFU)
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Let

K
SKJ-'-(]./Q)('_)E C Spy(1/2)()

be the subspace corresponding to the subspace

AL oy (SLa(FN\SLo(A)P"

The factor of automorphy is given by

[
FEN0,2) = ] el 1) I (u(), 11, 2)27

V<00 =1

M=ozt 40p]

(¢V/d, c=0,d>0

3<[<a b>7<]7Z>:<_C\/a’ c=0,d<0
c d
C(ez+d)1/2, c#0

t1,...,1 are embeddings of F' into R.
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~ T heorem ~
Assume k; > 1 for some 1 =1,...,[, then

Agﬁfz()l/Q)(SLQ(F)\SLQ(A) oF" L, A5, (PGL2(F)\PGL2(A)/Ko)

Moreover
S/{—I—(l/Q)(r)E — S+ (1/2)(|_)

where S +(1/2)(I_) is the space of h(z) € S
expansion of the form

h(z) = > c(&€) exp(2mv/—1£2)

=L mod 4

+(1/2)(F) with Fourier

Eeop
“¢ =0 mod 4" means 7z € op s.t. £ =22 mod 4

(M. Ueda studied the relation for higher level I".)
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~ Theorem ~
For h € SK+(1/2)(I‘)EK N Agp and totally positive £ € F*we have

L(1/2,7 ® Xye)
L(1,7,Ad)

ce|?
(Ph, Pn)

B @1, € Ay (1/2)(SLa(F)\SLo(A)) "

@, —— & automorphic representation of SL»

7. automorphic representation of PGL, corresponding to o

Apgo: The space of cusp forms orthogonal to the Weil rep-
resentations associated to one-dimensional quadratic forms.

Xa. Hecke character of A* corr. to F(y/a)/F.

ce: given by the &-th Fourier coefficient of A.

(Phs en) = JsLo(F\SLo(a) |Pn(z)| dz

Dp: discriminant of F

& complete Dedekind zeta

= pL/22-1H3lklg 1 (2)
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Case n is oddl

n: odd

[We have a strict correspondence between SL>(F) and SL,(F). J

~ Definition ~

We say that h € SLo>(F)reg is a strict image of [g,(] € SLo(F) g if

h" ~ g,

Kwhere ~ means the conjugacy in SLy(F). |

~ Definition (Transfer factor) N
We define the transfer factor A4 by

0, otherwise

Ak lg.C]) = {C, h is a strict image of [g, (]

29



For the above correspondence, we have

T heorem
“Existence of transfer’ holds.

If (p,n) =1 then “Fundamental lemma” holds.

Endoscopy for SL,(F) I

Elliptic endoscopic group of SL»(F)
[ H = SLy(F) or E1

H SLQ(F)WSE—Q\G‘)

T heorem
“Existence of transfer’” holds for H.

If (p,n) =1 then “Fundamental lemma” holds for H.
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~ Theorem
There exists packets

n(G) = {7}
or N(G) = {71, 72}
or N(G) = {71, 72,73, 74}

If 4MN(G) = 2
J(71) — J(72) = c- Tran$, J(r)

If §M,(G) = 4, then there exists a character 7rZ-H of EZ.1 (1=1,2,3)
such that

J(71) + J(72) = J(73) — J(7a) = 1 - Trangynf!
J(71) = J(72) + J(73) = J(7a) = co - Trangndf

J(71) — J(72) — J(73) + J(74) = c3 - Trang%wg

kif you number 7q,..., 74 properly.
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Covering of DXI

D: quaternion algebra
D1: group of reduced norm 1 elements

)

? GLo(F)

\ J GLi(F)
)

7l SLy(F)

Dll SLJ(F)
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We should have

D/~ — GL2(F)rel/~

E/F': quadratic extension

E* C GL>(F)
{ [z, 1]y, 1][z, 1] = [y, (4, ) B 0]
"In GL,(E)

(59)-9) e
_

-
Square root of the 2-cocycle?

(;)En 2m=1 modn

(s )E,2n
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E/F': quadratic extension

~ Definition

We construct a covering group DX by the following way. Let

GL->(FE) be the covering of GL>(FE) by

_/ x(g1) x(g2) \"
c(91,92) = <X(9192) 7 detglx(9192)>

where 2m =1 mod n.

— —

DX—GLy(E)

| |

DX —GLy(E)

E.n

~

KWe define D* by the pull-back of the image of D* — GL»(F). |
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4 N

We can also construct DX from the covering of GL»(FE) defined
by the 2-cocycle

c'(g1,92) = <

x(g1) x(g2)
x(g192) aet x(9192) >E,2n

~

For a quaternion algebra D over F, we can construct ng similarly.
Then for any place v where D,}) splits, the above covering group

D, is isomorphic to the usual GL>(Fy). Moreover we have a

splitting

——

DX — D;i.

\Similar statements hold for bvl )




Theorem
“Existence of transfer’” holds for strict correspondence between

DX and DX,

~ Theorem ~
For irreducible rep. = of D* there exists 7« such that

——

J(7) = cTranbJ(r)

Theorem?
[We have a description of the packets for D1. J
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Thank youl
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